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1. Introduction. Throughout the paper a space means a topological
space and we do not assume the continuity of functions. For any 4 < X,
the closure of 4 and the interior of 4 are denoted by Cl 4 and Int A, re-
{pectively. Given a function f: X — ¥, denote its sct of centinuity by
O(f) = {zeX | f is continuous at z}. _

A function f: XY is called quasi-continuous at a point z e X ([71,
P. 39) if for any open sets 4 « X and H < f(X), wherexz e A and f(x) € H,
we have AnIntf~'(H) % @. A function J: X — Y is called quasi-continuous
if it is quasi-continuou¢ at each point z of X.

A function f: X — Y is called somewhat continuous if for each open
set V< Y the condition V) # @ implics Intf~Y(V) £ 0 (see [4],
D. 6). .

It can be casily verified that any quasi-continuous function is some-
what continuous.

A space X is said to be a Baire space ([2], p. 73) if every non-empty
open sct in X is of second category.

Let f bo a function from 3 space X. We say that X is a Blumberg
2pace for f ([11], Definition 3) if there cxists a dense subset D of X snch
that the partial funetion f1D is continuous. Such » set D is called a Blum-
berg set for f.

A set D is called a full Blumberg set for f ([11], Definition 4)if D is
a Blumberg sct for f and, for every open sct 4 < X, the set f(DNA) iy
dense in f(A). ‘

' Let f: X — Y be a bijection. A set Din X is simullaneous Blumbery
set for f ([9], p. 432) it D iz a Blumberg set for f and f(D) is a Blumberg
set for f-1,

Given o family < {f, | fi: X > Y is a bijection, i € I}, a set D in
X i8 called au simultancous Blumberg set for F if D is a simultancous Blum-
berg xet for cach Jistel.

A8 the most important results of this paper we consider the Theorem
Aand Corollary 3 in Section 3.



2. Preliminary Jemmas and propositions.

LeMMA 1. Let X be a Baire spacs, let Y be a second countable space,
and let f: X —~ Y be quasi-continuous. Then C(f) contains a dense Gy-subd-
set of X.

The lemma follows easily from Proposition 2 of [3], p. 985.

PROPOSITION 1. Let X and Y be topological spaces. Let f: X - Y bg
a somewhat continuous bijection with the somewhat _continuous inverss
J7': Y>X. If G is a dense subset of X such that G < ClIntG, then
ClIntf(G) = Y. .

Proof. Let us assume that Intf(G) is not dense in Y. Therefore,
- there exists a non-empty open set B of Y such that BnIntf(G) = 0.
Then it follows from somewhat continuity of f that 4 = Int f~Y(B) #0.
Since

X = Cl@ < CIClInt@ = ClInt@,

Int@ is dense in X. Thus &' = AnIntG #O. Now, f~' is somewhats
continuous, and so Int(f~')~! ¢’ = Intf(G’) # @. Clearly,

Intf(G’) = Intf(4 NIntG) < Intf(@).
On the other hand,
Intf(G') < Intf(4) = Intf(Intf~*(B)) = Intf(f-!(B)) < B.

Thus we obtain @ # Intf(@’) < BnIntf(G), a contradiction.

-Note that the set of continuity C(f) of a somewhat continuous
function need not be, in gencral, & dense subsct of X (see [11), Remark 1,
P- 34). Moreover, a somewhat continuous bijection need not be, in general,
quasi-continuous (sce (8], Proposition 1, p. 174). However, we have the
following

COROLLARY 1. Let X be a Baire space, let Y be a second countable space,
and let f: X - X be a quasi-continuous bijection with quasi-continuous
J7': ¥ - X. If G is an open subset of X such that G contains a dense subset
of C(f), then ClIntf(@) = Y. ‘

Proof. In fact, by Lemma 1, the set C(f) is dense in X. Thus G is
dense in X. Since G < CIG¢ = ClIntG and since every quasi-continuous

function is somewhat continuous, the corollary follows casily from Propo-
sition 1. '

Lexoa 2. If Q,,Q., ... are dense G,-scts of a Baire space, then 30
i¢ the set Q,NQ,nN ...
The proof is similar to that of Theorem 1 in [6], § 34, p. 417.

PROPOSITION 2. Lot X and Y be second countable Baire apaces and
let F be & countable family of quasi-continuous bijections from X onto Y. If
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for each foeF, n € N, the inverss function f' is quasi-continuous, then
P admits a simultancous Blumberg set.

Proof. By Lemmas 1 and 2, the set {1} C( f-1) contains a dense G,-set
. n=l
D of Y. Let {G;} be a sequence of open subsets of ¥ such that

D = n G‘-
: fm=1
Let Intf;*(G;) = E;,. Then, in virtue of Corollary 1, for all neN
and for oll ie N the set B, is dense in X. Thus

E=ﬁ ﬁEf.n

iml gl

is 2 dense Gy-set of X by Lemma 2. -
Arguments similar to those at the beginning of the proof show that

(M C(fa) containg a dense G,-set D' of X. Put H = EnD’. Again, by
A=l ’
Lemma 2, H is a dense G,-set of X.

To prove that H is a simultaneous Blumberg sct for F we assume that

{, i3 an arbitrary function from F. We have
H =EnD' < D' < (C(f,) = Clfi)

n=l

which shows that % is a Blumberg set for f;.. Further, we obtain

) =f,,@ ﬁ Tntf;}(@)nD’) f;@ ('j Intf:" (@)

t=l nml

< 1A Qs e = L0 570 = Kl () 64)

— A6 =D< (O < CUiH-

il nml

This shows that f,(H) is a Blumberg set for fcl. Thus the proof is
completed.

By our mecthod we see that a simultancous Blumberg set for I’ is
a G,-subset of X. This generalizes some results of Neugebauer (see [9],
p. 452). '

The countability of F' is essential.

Example 1. Consider an uncountable family I'* of quasi-continuous
bijections f, of [0, 1]. Given a € (0, 1/2], define f, as follows:

for a e (0, 1/2),

o) = | =« for z € [0, a]U[L—a,1],

“ | —=+1  for z€(u,l—a);
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for a =1/2,
2 for z € [0, 1/2),
Jin(@) ={ —z+3/2 for ze[1/2, 1].

There exists no simultaneous Blumberg set for F*, since every point’
z, € (0, 1) is a point of discontinuity of a function of the family F*, namely
Jro if @ <12, OF fi_, if 3o >1/2.

ProrosITION 3. Let f: X — X be a quasi-continuous bijection. If D is
a simultaneous Blumberg set for f, then f(D) is a full Blumberg set for - .

Proof. Put D’ = f(D). We will show that for each open subset J of
X the set f~!(D’'NJ) is dense in f~(J). Take an open subset K of X snch
that Enf~'(J) # 0. It z,e Knf'(J), then f(z,) e J. Since f is quasi-
continuous at z,, there exists a non-empty open set U = K such that
f(U) < J. The density of D in X implies UnD # 0. Byt U< K und
U < f~'(J). Therefore »

B #UnD =Unff(D) = Unf~{f(D)nJ) = Enf-1(D'nJ).

Thus Knf~}(D’'nJd) # O.

From Proposition 3 and Theorem 2 of [11] we obtain

COROLLARY 2. Let f: X - Y be a quasi-continuous bijection, where
X i3 a regular space, and Y is a Blumberg space for f='. If D is a simultaneous
Blumberg set for f, then [~} is quasi-continuous.

Proof. In fact, f: X —» Y is a quasi-continuous bijection and D is
a simultancous Blumberg set for f. Thus, by Proposition 3, there exists
a full Blumberg set for f~!. Now, f~! is a function from a space ¥, which is
a Blumberg space for f~!, into a regular space X. Hence Theorcm 2 of
[11], p. 34, can be applicd, and thereby f~! is quasi-continuous.

The author is indebted very much to the reviewer for the following
example showing that the regularity of X is essential in Corollary 2

Example 2. Take the reals with the natural topology as Y. As X take
the reals with the topology which is finer than the natural topology by
assuming the set of irrationals to be open. The identity function from
X onto Y admits a simultancous Blumberg set (namely, the set of irra-
tionals), but its inverse function is not quasi-continuous. The fact that
Y is a Blumberg space for f~! follows casily from Alus’ statement quoted
in Section 3.

3. Main theorem.

TUEOREM. Let X and Y be second countable Baire spaces, let X bé
reqular, let F be a countable family of quasi-continuous bijections from X onte
Y, and let Y be a Blumberg spacs for {7}, for every f, e F. Then I' admils
a simultaneous Blumberg set if and only if for every f, € F the inverse function
I3 18 gquasi-continuous.
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The Theorem follows casily from Propoesition 2 and Corollury 2.

There exists an example ([9], Theorem 3, p. 454) of a function from
[0, 1] onto itself which is a quasi-continuous bijection and whose inverso
is not quasi-continuous. Another one-to-one function which does not admit
a simultancous Blumberg set was given by Goffman [5].

Now we recall two definitions and a result due to Alas [1].

A pseudobase ([10], p. 137) for a space X with the topology T is a subset
P of T such that every non-empty element of T contains a non-empty
element of P. .

A subfamily P of T is called o-disjoint ([12], p. 456) if

.P = U{P': n =1’2’ n-o}’

where each P, is a disjoint family.

STATEMENT (Alas). Let X be a Hausdorff, Baire space with a o-disjoint
pseudobase, let Y be a Hausdorff second countable space, and let f: X — ¥
be a function. There exists a dense subset D of X such that the restriction
of f to D is continuous.

Every second countable space has a o-disjoint pseudobase. Therefore,
it X is o Hausdorff, Baire, second countable space, Y is a Hausdorif
zecond countable space, and f: X - Y is a function, then X is a Blumberg
space for f. Thus we have a result which follows from the Theorem and
Alas’ statement:

COROLLARY 3. Let X and Y be second countable, Hausdorff, Baire
spaces, let X be regular, and let F be a countabls family of quasi-continuous
bijections from X onto Y. Then F admits a simultaneous Blumberg set if
and only if for each f, € F', n € N, the inverse function f.' i3 quasi-continuous.

COROLLARY 4 ([9], Theorem 2, p. 452). Let f be a quasi-continuous
bijection from the unit interval onto itself. Then f admits a simullancous
Blumberg set if and only if f~' is quasi-continuous.

ProrrEM (P 1234). Does the Theorem remain true if the requirements
on X or Y to be Baire spaces arc omitted? I conjccture that the answer
is negative.

The author thanks Professor J. J. Charatonik and colleagues from his
Sseminar for valuable remarks.
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